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Detector cascading provides us with a Rosetta Stone, relating detectors with single-photon reso-
lution to detectors with single-photon sensitivity but no resolution. Most standard realistic detectors
lack single-photon resolution. Detector cascading always improves the resolution of any set of de-
tectors. We introduce the confidence of an event, which quanties the level of certainty that upon
an n-fold detector coincidence in the cascade there were exactly n photons present. Although theo-
retically detector cascading connects detectors with single-photon resolution to standard detectors,
our results suggest that currently real single-photon resolution detectors are superior to detector
cascading with standard detectors.
PACS number(s): 03.67.*
Suppose you are conducting an experiment in which
it is important to distinguish between one and two pho-
tons in a light beam. Although in practice detectors can
distinguish perfectly between few photons and many pho-
tons, detectors with a single-photon resolution currently
require operating conditions of roughly 6K and are not
widely available [1]. Alternatively, you can use so-called
detector cascading in order to make the distinction. In
a detector cascade an incoming mode (populated by a
number of photons) is split into many output modes with
equal amplitude which are all detected. The idea is to
choose the number of output modes large enough, so that
the probability that two photons enter the same detector
becomes small.
In this paper we study the practical usefulness of detec-
tor cascading. To our knowledge, an extensive study on
this subject has not been reported so far. The concept of
detector cascading was rst coined by Song, Caves and
Yurke [2] who refer to unpublished work by Lane, La-
Porta and Yurke.
In order to classify dierent types of detectors we use
the following terminology: a detector is said to have a
single-photon sensitivity when it is sensitive enough to
detect a single-photon wave-packet. When a detector can
distinguish between n- and (n+1)-photon wave-packets,
it is said to have a single-photon resolution. We will not
consider cascading with single-photon resolution detec-
tors, since that would render cascading superfluous. In
this paper we consider a simplied model of detectors,
having only single-photon sensitivity and no resolution
at all (the detector has two output states: no photons
detected or an unknown number of photons detected).
This is a good approximation to real detectors when we
consider the detection of small photon numbers.
Apart from the sensitivity and the resolution, detectors
can be classied by their efficiency. For the purposes of
brevity, when a detector is perfectly ecient, we will call
it a unit-efficiency detector. When it has some lower ef-
ciency, we speak of a finite-efficiency detector. In this
paper we study detector cascading with unit-eciency
detectors, as well as cascading with nite-eciency de-
tectors [3]. We are interested in the case where cascading
distinguishes between photon-number states jki and jk0i
with k ’ k0. Detector cascading forms a translation be-
tween single-photon resolution detectors and detectors
with single-photon sensitivity without any resolution at
all.
The optical setup which transforms N incoming modes
into N outgoing modes is called an N -port (see gure
1) [4]. In general it will consist of a number of mirrors
and beam-splitters. Here, we only consider symmetric
N -ports which transform one populated incoming mode
into equal-amplitude outgoing modes (the other incom-
ing modes are vacuum). Every outgoing mode is followed
by a detector (with some eciency). We call an equal-
amplitude N -port with nite-ecient detectors a nite-
eciency N -port cascade.
We seek an answer to the following question: when
we nd a k-fold detector coincidence in an N -port
cascade, what is the probability that the input state
jΨi = Pn njni was projected onto jki, a photon-
number eigenstate? In order to answer this question we
introduce the so-called confidence of an event. Further-
more, we derive an expression for the probability that k
photons enter k dierent (unit- and nite-ecient) de-
tectors.
Definition: The confidence CN (k; jΨi) of an event is the
probability that upon nding a k-fold detector co-
incidence in an N -port cascade, an arbitrary in-
put state jΨi = Pn njni was projected onto the
photon-number eigenstate jki.
We can calculate the probability of a k-fold detector coin-
cidence conditioned on k photons and the unconditional
probability of a k-fold coincidence. The condence is the
ratio between these probabilities.
A detector cascade can be modelled by a symmetric
N -port. It is a collection of mirrors and beam-splitters
which turn the creation (annihilation) operators of the
input modes into creation (annihilation) operators of the
1
output modes with equal amplitudes (see gure 1). There
is no mixing between creation and annihilation operators
















exp[2i(j − 1)(k − 1)=N ] : (2)
The unitary NN matrix U determines the transforma-













Fig. 1: An N-port with unit-eciency detectors. The N in-
coming modes are unitarily transformed into N output modes.
The N-ports considered here consist of mirrors and beam-
splitters and do not mix creation operators with annihilation
operators.
Feynman’s rule [5] tells us that two in principle distin-
guishable states do not exhibit interference. Suppose we
have an arbitrary input state jΨini =
P
n njni which
is transformed by the N -port. We can in principle dis-
tinguish between states with dierent photon-numbers
in the N -port, so there is no interference between those
states. The probability p(Ψ) for a k-fold detector coin-
cidence conditioned on an arbitrary input state jΨi is
thus the sum of the probabilities p(n) for a k-fold detec-
tor coincidence conditioned on the Fock states jni (with
n > k): p(Ψ) =
P
n>k p(n). It therefore suces to con-
sider a Fock state jΨini = jni. Using Eq. (2) we nd for
the output state:












j0i = jΨouti : (3)
In what follows it is convenient to work with density
matrices and we will adopt this strategy from now on.
However, some results are more easily calculated using
Eq. (3) and we will return to this expression in due
course.
Suppose we have k photons entering our N -port. The
density matrix of the pure input state 0 = jkihkj will
be transformed according to  = U0U y with U the uni-
tary transformation associated with Eq. (2). Let ~n be the
N -tuple of the photon number in every outgoing mode:
~n = (n1; n2; : : : ; nN ). The probability of nding n1 pho-
tons in mode 1 and n2 photons in mode 2, et cetera, is
given by p~n = h~njj~ni. Using the N -port transformation
this probability yields p~n = h~njU0U yj~ni = jh~njU j~kij2,
where ~k = (k; 0; : : : ; 0), since only the rst input mode
inhabits photons and the rest are vacuum. From Ref. [6]








n1!   nN !k! : (4)
Here, HfRg~k~n (~x) is a so-called multi-dimensional Hermite







Note that since for our choice in Eq. (2) U is symmetric,
R is also symmetric. The MDHP for N input modes with
k photons in the rst mode and zero in the others (giving
















N+1    @xnN2N
:
The number of photons in the input mode is equal to
the total number of photons in the output modes. The
dimension of ~x obeys dim ~x = dim~k + dim~n = 2N . For













= 2R1lR1k : (7)
There are many dierent ways in which k incoming
photons can trigger a k-fold detector coincidence. These
dierent ways correspond to dierent photon distribu-
tions in the outgoing (detected) modes, and are labelled
by ~nr. The probability that all k photons enter a dier-
ent detector is found by determining the p~nr s where every
ni in ~nr is at most one. The sum over all these p~nr ’s is
equal to the probability pN (kjk) of a k-fold coincidence
in an N -port conditioned on k incoming photons.
Let us momentarily go back to Eq. (3). For the
detector cascade to work we want an outgoing state
jri = byr1byr2 : : : ; byrk j0i, where all r1; r2; : : : ; rk are dif-
ferent. From Eq. (3) (with n equal to k) we have
for one particular realisation r of a k-fold coincidence:






possible ways, and summing over
all possible realisations which give a k-fold detector coin-





. The probability that k
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In the case of k = 2 we easily nd that pN (2j2) =
(N − 1)=N . Two photons entering a cascade with four
unit-eciency detectors therefore have a 75% chance of
triggering dierent detectors. For four photons this prob-
ability is less than ten percent. Obviously, pN(1j1) = 1
for a single-photon input state.
In order to nd the probability of a k-fold detector co-
incidence conditioned on m photons in the input state
(with m > k) we need to sum all probabilities in Eq. (4)









n1!   nN !m! ; (9)
where Sk is the set of all ~n with exactly k non-zero en-
tries. The confidence for nding a photon number eigen-
state jki conditioned on a k-fold detector coincidence in
the N -port and an input state jΨi = Pn njni is then
the probability for nding a k-fold detector coincidence
conditioned on k incoming photons, normalised by the
total probability of nding a k-fold detector coincidence
in N unit-eciency detectors:




We are now ready to consider an N -port cascade with
nite-eciency detectors. Every one of the N detectors
has a certain loss, which means that some photons do
not trigger the detector they enter. We can model this
situation by putting a beam-splitter with transmission
coecient 2 in front of the ideal detectors [3]. The de-
flected photons are sent into the environment and can be
associated with the loss. The transmitted photons are
















Fig. 2: A 2N-port with N modes which are detected with
ideal detectors and N undetected modes. These modes are
associated with the detector losses.
The implementation of the beam-splitters responsible
for the detector losses transform our N -port into a 2N -
port and the unitary transformation U associated with
this N -port now becomes a 2N  2N unitary matrix
U ! U ⊗ I2 (where I2 is the two dimensional unit
matrix). Applying a transformation Vη to implement the
beam-splitters with transmission coecient 2 will give
a new unitary transformation governing the behaviour of
the 2N -port. Although nothing holds us from consider-
ing detectors with dierent eciencies, for simplicity we
will assume that all detectors have the same eciency
2. In terms of the original unitary matrix U from Eq.
(2) the new unitary transformation eU becomes
U ! eU =   U p1− 2 U−p1− 2 U  U

:
This changes the matrix R of the MDHP accordingly:
R ! eR =  0 −eU y−eU y 0
!
(11)
and eR is now a 4N  4N matrix dependent on . The
probability of nding a k-fold detector coincidence in an










n1!   n2N !m! ; (12)
where Sk is the set of all ~n with exactly k non-zero en-
tries in the detected modes (note that we still call it an
N -port although technically it is a 2N -port). The con-
dence of having a total of k photons in a k-fold detector
coincidence is again given by Eq. (10). The variables
of the MDHP will be a 2N -tuple ~k = (k; 0; : : : 0). The
output photon number 2N -tuple can now be written as
~n = (nd1; nd2; : : : ndN ; n
u
1 ; : : : n
u
N ), where the superscripts d
and u again denote the detected and undetected modes




i  Nd andPN
i=1 n
u
i  Nu. Of course, we still require Nd +Nu = m.
Using Eq. (8) and observing that every detected pho-
ton carries a factor 2 it is quite straightforward to obtain
the probability that k photons give a k-fold coincidence
in an ecient N -port cascade:
pN (kjk) = 
2kN !
Nk(N − k)! : (13)
Since we need an N -port which has comfortably more
detectors than the number of photons which is to be de-
tected, cascading will primarily be used to distinguish
between one- and two-photon states. We therefore cal-
culate the condence of having one photon when we
see a single detector hit in the case of the input state
jΨi = j1i+ j2i. The condence is
CN (1; jΨi) = jj
2pN(1j1)
jj2pN (1j1) + jj2pN(1j2) : (14)
3
Eqs. (12) and (7) allow us to calculate the probabilities
of a zero-, one- and two-fold detector coincidence condi-
tioned on one or two incoming photons:
pN (0j1) = 1− 2 (15a)
pN (1j1) = 2 (15b)
pN (0j2) = (1− 2)2 (15c)
pN (1j2) = 
4
N
+ 22(1− 2) (15d)
pN (2j2) = N − 1
N
4 ; (15e)
For example, using these probabilities, together with
jΨi = j1i + j2i, gives us an expression for the con-
dence that a single detector hit was triggered by one
photon (γ = jj2=jj2):
CN (1; jΨi) = N
N + γ[2 + 2N(1− 2)] : (16)
A close look at Eq. (15d) shows us that pN(1j2) in-
cludes a term which is independent of the number of
modes in the N -port cascade. This term takes on a max-
imum value of 1=2 for 2 = 12 . However, the condence is
a monotonously increasing function of 2. As expected,
for small γ’s the condence CN (1; jΨi) approaches 1.
The single-photon resolution detector discussed in Ref.
[1] has an eciency of 88%. Apart from this, we assume
it can distinguish perfectly between one or two photons.
We calculated the condence for nding one photon with
such a detector, having 88% eciency for the input state
jΨi = (j1i + j2i)=p2. To this end, we used the beam-
splitter model of detector losses described above. Using
Eq. (10) we nd that CN (1; jΨi) = [1 + 4(1 − 2)]−1 =
68%.












jΨi = (j1i+ j2i)=p2
Fig. 3: The single-photon condence CN [Eq. (16)] as a func-
tion of the detector eciency η2. The solid line corresponds to
a single-detector cascade (no cascading: N = 1), the dashed
lines correspond to N = 4, N = 16 and N = ∞ in ascending
order. We consider an input state |Ψ〉 = (|1〉 + |2〉)/√2.
Detector cascading is practically useful when a reason-
ably small number of nite-eciency detectors yields a
high condence. In particular when cascading is viewed
as an economical alternative to a detector with single-
photon resolution the number of detectors in the cascade
should be small.
In Fig. 3 we show the condence of a single-photon
detection as a function of the eciency for the state
jΨi = (j1i + j2i)=p2. As calculated above, the single-
photon resolution detector from Ref. [1] has a condence
of 68%. In comparison, we will evaluate detector cas-
cades giving the same level of condence for the input
state jΨi. When the cascade consists of four detectors it
can be easily calculated from Eq. (16) that the detectors
need an eciency of 87% to achieve this level of con-
dence. In the case of innite cascading the single-photon
condence exceeds 68% only if the eciency 2 is greater
than 76%. This puts a severe practical limit on the ef-
ciency of the detectors. We conclude that a detector
with single-photon resolution is preferred over detector
cascading with single-photon sensitivity detectors.
Detector cascading provides us with a Rosetta Stone
relating detectors with single-photon resolution to single-
photon sensitivity detectors lacking resolution. The lat-
ter type corresponds to most standard photo-detectors.
We introduced the condence of an event, quantifying
the presence of n photons from an n-fold coincidence.
Cascading provides us with a connection between the
two types of detectors. Practically, detector cascading
only appears to yield a modest boost in resolution, un-
less the detectors with single-photon sensitivity have a
very high eciency. Real single-photon resolution de-
tectors are therefore superior to detector cascading with
currently available detectors. For experiments requiring
the ability to distinguish single photons from few photons
we recommend the use of real single-photon resolution
detectors.
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